Introduction
Let G be a locally compact group and A(G) [B(G)\ be the Fourier and Fourier-Stieltjes algebras of G, respectively. In [34] E. Granirer and M. Leinert, answering a conjecture of McKennon [52] , proved that, for any locally compact group G, on the unit sphere S = {cp £ B(G) : \\<p\\ = 1} , the weak*-topology and the multiplier topology agree. The multiplier topology is the one for which a net (cpa) converges to </> if and only if, for each y/ £ A(G), \\(<f>a -cp)y/\\ -» 0. In particular, if the group G is compact, on the unit sphere S of B(G) (= A(G)) the weak* and the normal topologies agree so that the space A(G) has the RNP (= Radon-Nikodym property) [6, Theorem 4.4.3] . In [66] K. Taylor showed that the compact groups are not the only topological groups for which the space A(G) has the RNP. For instance, if G is the Fell group, which is not compact, then the space A(G) has the RNP as well. One of the purposes of this paper is to further investigate the RNP and some other geometric properties such as weak RNP, the DPP (= Dunford-Pettis property) and the Schur property on the algebras A(G) and B(G), and to relate these properties to the properties of the multiplication operator Xf on the group C*-algebra C*(G). Here, for / in C*(G), the operator xy: C*(G) -* C*(G) is defined by Xf(g) = f-g, the product of / and g in C*(G). Some of the results of the paper can be summarized as follows (see Theorems 4.3 and 4.5): For any locally compact group G, the following are equivalent, (a) G is compact, (b) The space B(G) has the RNP and the DPP. (c) The space B(G) is an /'-sum of finite dimensional Banach spaces, (d) The space B(G) has the Schur property, (e) The C*-algebra C*(G) is scattered and has the DPP. (f) The algebra C*(G) does not contain an isomorphic copy of /' and has the DPP. (g) Every bounded linear operator F : C*(G) -* B(G) is compact, (h) Each functional <f> in B(G) is almost periodic on C*(G). (i) For each / in C*(G), the multiplication operator Xf : C*(G) -y C*(G) (x/(g) = f-g) is compact, (j) For each / in C*(G), the multiplication operator ty is weakly compact, (k) The C*-algebra C*(G) is a Co-sum of finite dimensional C*-algebras. (1) The von Neumann algebra VN(G) generated by the left regular representation of G is the direct summand of finite dimensional C*-algebras. (m) The unit ball of VN(G) has jointly continuous multiplication in the a (-ultraweak) topology, (n) G is an [ 
IN]-group and the space A(G) has the RNP. (o) Each functional 4> in A(G) is almost periodic on VN(G). (p) G is a [MOORE]-group and B(G) has the RNP.
We also show that (Theorem 6.7) the locally compact group G is an [AU]-group (i.e., the enveloping von Neumann algebra of C*(G) is atomic [66, Theorem 4.2] ) if and only if, for each / in C*(G), the multiplication operator Xf from C*(G) into C*(G) is a weakly precompact operator. That is, for each bounded sequence (g") in C*(G), the sequence (f • gn) has a weakly Cauchy subsequence. This result draws a fine line between compact groups (for which Xf is weakly compact) and [AU]-groups. At this point we note that if G is the Fell group [3] for instance then, for every / in C*(G), the operator Xf is weakly precompact but, G not being compact, xy is not weakly compact for at least one / in C*(G).
Another problem tackled in the paper is the problem of Arens regularity of the projective tensor product of two C*-algebras. As is well known [2] on the second dual A** of any Banach algebra A there exist two algebra multiplications extending that of A . When these multiplications coincide on A** then the algebra A is said to be Arens regular. Given any two Banach algebras A and B, on their projective tensor product A®B there exists a natural Banach algebra multiplication which is the linear extension of the following multiplication on decomposable tensors a®b-ä®b = aä®bb, see Chapter VI of the book [5] and the papers [27 and 68] . The Arens regularity of the algebra A®B has been studied in [71] where it has been shown, among other things, that the projective tensor product of two commutative C*-algebras is Arens regular. The question whether the projective tensor product of two noncommutative C* -algebras is Arens regular or not was left open. The results we present in this paper show that the projective tensor product of even two von Neumann algebras need not be Arens regular and that, for two von Neumann algebras A and F, Arens regularity of the algebra A®B is closely connected with the properties that the algebra A or B is finite or atomic. In particular we shall see that, for any locally compact group G, G is compact if and only if the space B(G) (resp. A(G)) has the RNP and for any C*-algebra A , the alge-bra C*(G)®A (resp. C*(G)®A) is Arens regular. The fact that the projective tensor product of two C* -algebras need not be Arens regular also solves in the negative the following two questions that arise naturally. To explain these two questions, let A and F be two C*-algebras and A®B be their algebraic tensor product. Although the space A® B is a *-algebra, the projective tensor norm is not a C*-algebra norm. However there always exists a cross norm on A ® B under which the completion of A ® B is a C*-algebra [60, p. 60] . Another alternative that comes to one's mind is this: Can we keep the projective tensor norm but change the multiplication on A®B so as to make it into a C*-algebra? Arens regularity considerations will show that this is not possible. To explain the second question, we recall that according to Grothendieck-Pisier-Haagerup inequality [38] , every bounded linear operator from A to B* (or, from F to A*) is weakly compact. This is of course not a characteristic property of C*-algebras and the following question arises naturally: Is every bounded linear operator u : A®B -> (A®B)* weakly compact? Again Arens regularity consideration will show that this is not the case. Some other applications to related problems are also given.
Arens regularity of the commutative Banach algebra AP(G), 1 < p < oo, has recently been studied by B. Forest [26] . It is shown, for example, that if the algebra AP(G) is Arens regular then the group G is discrete. Furthermore, as shown in [51, Proposition 5.3] , for p = 2 and G amenable, AP(G) = A(G) is Arens regular if and only if G is finite. In this paper, we shall study some problems related to Arens regularity of the algebra AP(G). We shall also establish a one-to-one correspondence between the compact subgroups of G and all nonzero a(Ap(G), L1(G))-closed right translation invariant subalgebras of AP(G) which are closed under conjugation and a one-to-one correspondence between the set of closed subgroups of G and certain topologically invariant subalgebras of PMP(G). This paper is organized as follows. In §2 we gather some notations and definitions we need in the sequel. In §3 we establish some general results on the geometry of the dual space of a C*-algebra. We answer in particular a problem raised by Professor John Duncan during the regional conference of the American Mathematical Society held in Fayetteville (Arkansas), March 1990, concerning the characterization of those C* -algebras A on which each functional /* in A* is almost periodic. In §4, we apply the characterizations obtained in §3 to our main results in §4 concerning geometric properties of the algebras A(G) and B(G). In §5 we study similar properties on the group algebra LX(G) and the measure algebra M(G). In §6, we give some results relating the properties of the group G to those of the multiplication operator Xf on C*(G). In §7 we study Arens regularity of the projective tensor products C*(G)®A and C*(G)®A , when the space B(G) (resp. A(G)) has the RNP and A is a C*-algebra. We also answer some questions raised in [71] as well as some other related problems. Finally, in §8 we study Arens regularity and invariant subalgebras of the Banach algebra AP(G) as well as certain weak*-closed topologically invariant subspaces of PMP(G).
Preliminaries and some notations
Let G be a locally compact group with a fixed left Haar measure p, which is also denoted by dx. The usual LP(G) spaces (1 < p < oo) used in this paper are defined with respect to this measure p. By C(G) we denote the Banach space of bounded continuous complex valued functions endowed with the supremum norm. By Cn(G) we denote the subspace of C(G) consisting of the functions which are null at infinity. For any Banach space X, we denote by X* and X** its first and second continuous duals. We regard X as naturally embedded into X**. For x in X and x* in X*, by (x, x*) (or by (x*, x)) we denote the natural duality between X and X*. For any Banach algebra A, a in A and f in A*, by af (resp. fa) we denote the element of A* defined by (af, b) = (/, ba) (resp. (fa, b) = (f, ab)). Also, for / in C(G) and s in G, sf is the element of C(G) defined by sf(t) = f(st). The group G is said to be "amenable" if there exists a positive functional on C(G) of norm one such that (¡>(sf) = <f>(f) for all / in C(G) and s in G. All solvable groups and all compact groups are known to be amenable. However, the free group on two generators is not amenable. For more information on this subject we refer the reader to Greenleaf s book [36] and the recent books of Pier [56] and Paterson [54] . As usual, we denote by C*(G) the group C*-algebra of G [25] and by C*(G) the reduced group C*-algebra of G. That is, C*(G) is the norm closure of the space {p(f) : f £ LX(G)} in the operator algebra B(L2(G)) of bounded linear operators on L2(G). Here p(f) : L2(G) -» L2(G) is the linear operator defined by p(f)(g) = f * g, the convolution of the functions f and g. If we denote the norm of an element / in C*(G) by ||/|| then one always has U/H > H^COH for each / in L'(G), where ||/>(/)|| is the operator norm of p(f) as an element of B(L2(G)). These two norms are equal if and only if the group G is amenable [36, p. 161] , and in this case the two C*-algebras C*(G) and C*p(G) coincide.
Let P(G) denote the subspace of C(G) consisting of all positive definite functions on G, and let B(G) be its linear span. Then, as is well known [25] , the space B(G) can be identified with the dual of the algebra C*(G). In this identification, the elements of P(G) correspond precisely to the positive linear functionals on C*(G). In duality (C*(G), B(G)), for / in LX(G) and <p in B(G) the action of q> on / is given by (</»,/) = fGf(t)<p(t)dt [25, p. 192] . As proved in [25, Proposition 2.16] , the space B(G) with the pointwise multiplication and the dual norm H\\ = sup is a commutative Banach algebra, called the Fourier-Stieltjes algebra of G.
Let A(G) denote the linear subspace of Cn(G) consisting of all functions of the form h*f, where the functions / and h arein L2(G) and k(s) = k(s~x). Let also VN(G) be the von Neumann algebra in B(L2(G)) generated by the space {p(f) : f £ Cno(G)} , where Cno(G) is the subspace of Cn(G) consisting of functions with compact supports. Then, each cp = h * f in A(G) can be regarded as an ultraweakly continuous linear functional on VN(G) defined by <p(T) = (T(h),f) (T£VN(G)). 
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use the Fourier algebra of G. Also, the norm of an element </> in A(G) ç B(G) is the same as the norm of (p as a linear functional on VN(G). As is well known, when G is a locally compact abelian group,
and VN(G) ~ L°°(G). Here the sign ~ stands for "isometrically isomorphic" and G is the dual group of the group G, see [25] for details. Also, when G is compact, A(G) = B(G).
Let A be an arbitrary Banach algebra and Ax be its closed unit ball. For / in A*, let H(f) = {af : a £ Ax} . The functional / is said to be "weakly almost periodic on A" (resp. almost periodic on A) if the set H(f), which is a convex bounded subset of A*, is relatively weakly compact (resp. relatively compact). By wap(A) (resp. ap(A)) we denote the linear subspace of A* consisting of all weakly almost periodic (resp. almost periodic) functionals on A . The space wap(A) is a closed subspace of A* and the equality wap(A) = A* is equivalent to the fact A is Arens regular, see for instance the paper [70] . We recall that on the second dual A** of any Banach algebra A there exist two algebra multiplications extending that of A and that A is said to be Arens regular if these multiplications coincide. Details of the construction of the multiplications can be found in many places including the book [5] , the pioneering paper [2, 14] and the survey article [23] . See also the papers [29] and [70] for a functional analytic approach to this problem.
Next we recall definitions of some geometric properties we shall use in the subsequent sections. Let X be a Banach space.
Radon-Nikodym property (RNP). There exist several equivalent formulations of this property; here we shall adapt the following geometric definition. The Banach space X is said to have the RNP if each closed convex subset D of X is dentable, i.e., for any e > 0 there exists an x in D such that x £ Co(D\Be(x)), where BE(x) = {y £ X : \\x -y\\ < e} . In this paper we shall mostly use the RNP on dual spaces through the following result: The space X* has the RNP if and only if every separable subspace of X has separable dual [6, Corollary 4.1.7] . For more information on this notion we refer the reader to the books of Bourgin [6] and Diestel-Uhl [21] .
Dunford-Pettis property (DPP). This notion, which has been introduced by A. Grothendieck in [37] , also has several equivalent formulations. Here we shall adapt the following one: The Banach space X is said to have the DPP if, for any Banach space Y, every weakly compact linear operator u : X -> Y sends weakly Cauchy sequences into norm convergent sequences. For more information on this property we refer the reader to Grothendieck's seminal paper [37] and to Diestel's survey paper [19] .
Schur property. It is well known that in /' weakly convergent sequences are norm convergent. Any Banach space which shares this property with /' is said to have the Schur property. We shall use this property mostly in the following equivalent form: A Banach space X has the Schur property if and only if every weakly compact subsets of X are norm compact.
Flatness. Let S = {x £ X : \\x\\ = 1} be the unit sphere of the Banach space X. The space X is said to be flat if there exists a continuous function g : [0, 1 ] -y S with g(l) = -g(0) and so that the length of the curve g(t) (0 < t < 1) is 2, see [7, p. 18] . We are interested in this property only because of the fact that the flat Banach spaces do not have the RNP, see [41, 66] and references there.
Atomic von Neumann algebra. Let Af be a von Neumann algebra and Af, be its predual. The algebra M is said to be atomic if every nonzero projection in M majorizes a nonminimal projection, see [62, p. 155] .
Strongly finite von Neumann algebra. Again let M be a von Neumann algebra. The algebra M is said to be strongly finite if, for each <j> in Af*, the set {v'cpv : v £ Af"} is relatively norm compact. Here Af" denotes the group of unitary elements of Af, and acpb is the element of Af* defined by (a<pb, c) = (cp, acb), for a, b, c in Af, see [35] .
Direct sum of C*-algebras. Let (Aa)aei be a family of C*-algebras. By OEa©^<*)°° we denote the C*-algebra of all bounded families a -(aa)a€¡, with aa £ Aa, equipped with the norm ||a|| = supQ ||aa||, the coordinatewise multiplication and involution. By C52a(&Aa)o we denote the C*-subalgebra°f (5Z0^a)oo consisting of the families a = (aa) which are null at infinity, i.e., Ve > 0, ||aa|| < e for all but finitely many a in I.
Enveloping von Neumann algebra of a C* -algebra. Let A be a C*-algebra. Every C*-algebra being Arens regular, on the second dual A** there exists a unique algebra multiplication extending that of A. The space A** equipped with this unique multiplication is a C* -algebra and is said to be the enveloping von Neumann algebra of A, and is denoted by A . Now we recall some definitions about locally compact groups we shall need in later sections. Let G be a locally compact group.
(a) The group G is said to be an [AU]-group if the enveloping von Neumann algebra of the group C*-algebra C*(G) is atomic. This is equivalent to saying that the von Neumann algebra generated by every continuous unitary representation of G is atomic.
(b) The group G is said to be an [AR]-group if the algebra VN(G) is atomic. We clearly have the inclusions
Here [compact] denotes the collection of compact groups ... etc. These inclusions are proper, see [66] .
( and these inclusions are proper, see [53] . Ax} is relatively compact. This is equivalent to saying that the bounded linear operator F¿ : A -> A*, defined by T¿(a) = (pa, is compact. Since, for a in A , T£(a) = (pa, where <pa is defined by (cf>a, b) -(4>, ba) and FÎ is the adjoint of Tfj,, this is also equivalent to the fact that the set {(pa : a £ Ax} is relatively norm compact. The collection ap(A) of all almost periodic functionals on A is a closed linear subspace of A*. A result of [24] shows that for a commutative C*-algebra A = C(K) the equality A* -ap(A) holds if and only if the compact Hausdorff space F is dispersed, i.e., K has no nonempty perfect subset. Among 16 characterizations of the dispersed compact Hausdorff spaces given in [55] we note the following: The compact space K is dispersed if and only if the space C(K) does not contain an isomorphic copy of /' if and only if the dual space of C(K) has the RNP. Our aim in this section is to show that similar results hold for any C*-algebra A satisfying the equality ap(A) = A*. However, we should note that as far as the equality ap(A) = A* is concerned the basic difference between commutative and noncommutative C* -algebras seems to be the DPP. Any commutative C*-algebra has this property [37] whereas it is quite exceptional that a noncommutative C*-algebra has this property, see the papers [39, 12 and 13] for results about C*-algebra having the DPP.
For the proof of the main result of this section we need some preliminary results with which we now proceed. Let (Si, I, p) be a probability space. We recall that the measure p is purely atomic if and only if p is of the form p = Y£t\ hat-with Y^li h = 1 and ôt is the Dirac measure at t, see [46, p. 31]. Proof. First observe that the operator i is always weakly compact for every finite measure p. Therefore / is compact if and only if any uniformly bounded sequence (cpn) in L°°(p) has a p-a.e. convergent subsequence. Now, assume p is purely atomic and let (cpn) be a sequence in the unit ball of L°°(p). Then a simple application of Cantor's Diagonal Method shows that (cpn) has a jU-a.e. convergent subsequence so that i is compact.
Conversely, assume that the operator / is compact. Decompose p as p -X + p, where X is an atomless measure, p is a purely atomic measure and X±p. Since X±p, the natural injection L°°(X) -y LX(X) is also compact. But then the space LX(X) is separable since L°°(X) is dense in LX(X) and the unit ball of L°°(X), being relatively compact in LX(X), is separable as a subset of LX(X). Now, by Carathéodory's classification of atomless separable measure algebras [ Proof. If p is purely atomic this is immediate to see. To see that the converse also holds, it is enough to take / = 1 and apply the preceding lemma. □ Another result we need for the proof of the main results of this section is the following lemma. (g) The space Af, has the Schur property. Proof, (a) =>■ (b) . Assume that (a) holds. Then, by Lemma 3.3 above, the von Neumann algebra Af is strongly finite. Therefore, by Theorem 5.4 of [35] , Af is of the form Z © (¿^ ®^a)oo • Here each Aa is a finite dimensional C*-algebra and Z is an abelian von Neumann algebra. Consequently, Z is of the form Z = (¿~2ß@L°°(Siß , Pß))oo , where each (Siß, pß) is a probability space [60, p. 46] . By Corollary 3.2 above, each pß is purely atomic. Hence Z = /°°(r) for some set Y. Since /°°(r) is also a direct summand of a family of one dimensional C* -algebras, we see that Af is a direct summand of the finite dimensional C* -algebras.
(b) => (c). Assume Af is of the form Af = (£Q 0^Q)oo , where each Aa is a finite dimensional C* -algebra. Let x be the topology of pointwise convergence on I, i.e., the product topology on Y[a Aa . Then, the space (Mx, weak*) is compact and the space (Af!, t) is Hausdorff. Moreover the weak*-topology is stronger than x. Hence these two topologies agree on Af i. Since the multiplication on Afi is clearly jointly continuous for the topology x, it also is jointly continuous in the weak*-topology.
(c) => (a). Assume the multiplication is jointly continuous on Afi in the weak*-topology. Then the space (Afi, weak*) is a compact topological semigroup. Hence C(Afi) = ^P(Afi), where AP(MX) denotes the space of continuous almost periodic functions on (Afi, weak*), see [18] . It follows that each (p in Af, is almost periodic. where each Aa is a finite dimensional C* -algebra and S is a dispersed locally compact Hausdorff space determined (within a homeomorphism) by the algebra A (note that Co(S) may be the center of A). However as the dual A* of a C*-algebra does not determine (within an isometric isomorphism) uniquely its predual, from the implication (a) =s> (b) we cannot conclude that A is of this form. (b) In contrast with commutative C*-algebra, where, for A = C(K), A* = ap(A) if and only if K is dispersed [24] , there exist scattered noncommutative C*-algebras A with ap(A) = {0}. Indeed, if H is an infinite dimensional Hilbert space and A = K(H) is the C*-algebra of compact linear operators on H then A is scattered [10] and ap(A) = {0} [24, Proposition 3.3] . As far as the equality A* = ap(A) is concerned the basic difference between commutative and noncommutative C*-algebras seems to be the DPP. It is well known that the algebra K(H) lacks this property, see [39, Lemma 2] and also the following simple proposition. 
Some geometric properties on Fourier and
Fourier-Stieltjes algebras
In this section we apply the results obtained in the preceding section to the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) associated to a locally compact group G.
For the proof of the main results of this section we need the following lemma, which is of independent interest. This lemma indicates a practical method of proving that a dual C* -algebra has the DPP, see especially the equivalence (c) o-(d) and Lemma 8.6 below. (c) The space A has the DPP.
(d) For each a in A, the multiplication operator xa : A -> A defined by xa(x) = xa is compact.
(e) A isa Co-sum of a family of finite dimensional C*-algebras. Proof. Since the algebra K(H) is scattered [10] , the algebra A does not contain a copy of /'. Therefore the equivalences (a) o (b) >» (c) hold by Theorem 3.6 of the preceding section. To prove the implication (c) => (d), assume that A has the DPP. Let a be an element in A. Then by the Cohen-Hewitt Factorization Theorem [42, 32.22 ], a = be for some b and c in A. On the other hand, since K(H) is an ideal in its second dual B(H), so is A and consequently the multiplication operators x¿ and xc are weakly compact. Hence, since the algebra A has the DPP, the operator xa = xb o xc is compact.
[Of course, for the same reason, the operator x y-^> ax is also compact.] The equivalence (d) <» (e) is proved in [1, Corollary 2.6]. The implication (e) => (a) is trivial. D We recall that a locally compact group G is said to be a Moore group, which is denoted by G € [MOORE], if each irreducible continuous unitary representation of G is finite dimensional, see [53] . Clearly all compact groups and all abelian groups are Moore groups. Let W*(G) = C*(G)**. Then we have the following result. [12] . Also, the equivalence (a) <& (f) follows from [44, Theorem 3] . Finally, the equivalence (a) •» (g) follows from [67] , See also [45 and 61].
The first main result of this section is the following theorem. . To prove the implication (a) => (g), it is enough to prove that the space A(G) has the RNP, which is an immediate consequence of [66, Corollary 3.7] since, for G compact, C*(G) is a dual C*-algebra (see also [34, Theorem Bl] ). To prove the implication (c) => (a), assume that (c) holds but G is not compact. Let (xa) be a net in G that converges to "infinity." Let LXa : L2(G) -> L2(G) be the operator defined by LXa(h) = h(xfxy). Then, if necessary passing to a subnet, we can assume that the net (LXa) converges in the a-topology of VN(G) to some element F of VN(G). Now, since A(G) ç C0(G), for each (p in A(G), (<p,LXa) = <p(xa)^0.
Hence (4>, T) = 0 for all (p in A(G), and F = 0. It follows that zero is in the set G = {Lx : x £ G}a . Since the mapping x y-y Lx is a homeomorphism from G into G, the set G equipped with the a-topology has jointly continuous multiplication. But this is not possible since otherwise the space (G, a) would be a compact group, which is impossible.
To complete the proof it remains to show that (e) => (a [66] . (b) The condition that G is in [IN] cannot be dropped from conditions of assertions (e), (f ) or (g). Indeed, if G is the "ax + ¿-group" then G not being unimodular, is not an [IN]-group [53] . However G is in [AR] by [4] .
The next theorem is a direct consequence of Theorem 3.6, Lemma 4.1, Theorem 4.2 and the fact that when G is compact A(G) -B(G). (d) The space BP(G) has the RNP and the DPP.
(e) Each a in Gr is finite dimensional and BP(G) has the RNP.
(f) The algebra C*(G) is scattered and has the DPP. Then, by Theorem 2.20 of Eymard [25] , j is a linear isometry so that we can identify B(Gf) with a closed subspace of B(G). Since the space B(G) has the RNP, the space F(Gi) also has this property. Hence Gi is an The last result of this section is the proposition below about separability of the space B(G) for the proof of which we need the following lemma. Lemma 4.11. Let A be a separable C*-algebra. Then A* is separable if and only if ext S(A), the set of extreme points in the state space S(A) of A, is norm separable.
Proof. If A* is separable then the space extS(A) is separable since a separable subspace of a separable metric space is separable. Conversely, assume extS(/á) is separable. Then an argument similar to the one in [20, Theorem, p. 161] shows that S (A) is contained in the norm closure Co(ext5(^4)) of the convex hull of extS'(yi). Since A* is the linear span of S (A), it follows that A* is also norm separable. D Let A be a C*-algebra. For each / £ extS(A), let 7if be the representation of A associated to /. For /, g in extS(A), write / ~ g if and only if itf and ng are unitarily equivalent. Then "~ " is an equivalence relation on S (A). Let / be the equivalence class of / £ extS(A). Form a new set E(A) by taking one element / in each /. Then clearly, Card F (^4) = Card A, where A denotes the spectrum of A .
Lemma 4.12. If A isa C*-algebra and A* is separable, then E(A) is countable. Proof. Since the addition of unit has no effect on the representation of a C*-algebra, we may assume that A is unital. In this case, if /, g £ E(A), f ^ g, then ||/-£|| > 2 (see [22, (c) When is A(G) weakly compactly generated (or equivalently, the von Neumann algebra is a-finite [11, Lemma] )? This is the case when G is second countable.
(d) We do not know if there exists a locally compact group G such that the space BP(G) has the RNP (resp. DPP) and the space B(G) lacks it. 5 . The case of the group algebra and the measure algebra
In this section we apply the results established in §3 to the group algebra LX(G) and the measure algebra Af(G). Note that when G is abelian we have A(G) = LX(G) and B(G) = M(G), where G is the dual group of G. We also note that the spaces MX(G), L°°(G), LX(G), and C0(G) have all the DPP [37] .
The next theorem is a direct application of Theorem 3.4 and the fact that the space Co(G) does not contain a copy of /' if and only if G is dispersed [55] . We also note that a locally compact group is dispersed if and only if G is discrete. We shall denote by AP(G) and WAP(G) the spaces of continuous almost periodic and weakly almost periodic functions on G, respectively. Corollary 5.2. Let G be a locally compact group. Then the space AP(G)* has the RNP (or the Schur property) if and only if the space AP(G) is finite dimensional. Proof. As is well known AP(G) = C(Ga), where Ga is the almost periodic compactification of G. The space Ga being a compact group, the conclusion follows from the preceding theorem. D At this point we remark that even if G is infinite the space AP(G) may be trivial i.e., consists of constant functions, see [9] . Compare this remark with Proof. First assume G is compact and the space WAP(G)* -C(G)* has the RNP (or the Schur property). Then, by Theorem 5.1 above, G is discrete, so finite. If G is noncompact and the space WAP(G)* has the RNP (or the Schur property) then, the preceding corollary applied to WAP(G) shows that G is discrete and WAP(G) = Q(G) © C. Hence G is both minimally almost periodic and minimally weakly almost periodic, which is not possible if G is infinite [8] . The converse is trivial. D
Fine line between compact group and [AU]-groups
The main result of this section (Theorem 6.4) draws a fine line between dual C*-algebras and scattered C*-algebras. Since the algebra C*(G) is dual (resp. scattered) if and only if G is compact (Lemma 6.6 below) (resp. G is an [AU]-group), the main result also draws a fine line between compact groups and [AU]-groups. Since the algebra C*(G) is dual (resp. scattered) if and only if the space B(G) has the Schur property (resp. the RNP), the main result can also be interpreted as a result that draws a fine line between the Schur property and the RNP on B(G). However this interpretation is not valid for an arbitrary C*-algebra even if the C*-algebra in question is commutative. Indeed, if K is a nondiscrete dispersed compact Hausdorff space and A = C(K) then A* has the Schur property as well as the RNP but A is not a dual algebra. The main result characterizes the scattered C*-algebras in terms of operators xa , where xa is the multiplication operator on the given algebra A , i.e., xa(x) = ax.
For the proof of the main result we need some preliminary results with which we now proceed. Let X be a Banach space and F be a bounded subset of X . The set F is said to be weakly precompact (or conditionally weakly compact) if any sequence in F has a weakly Cauchy subsequence. According to Rosenthal's celebrated /'-Theorem [57] , the unit ball Xx of X is weakly precompact if and only if X does not contain a copy of /' . And, a bounded linear operator T from X into a Banach space Y is said to be weakly precompact if and only if the set T(XX ) is weakly precompact. Proof, (i) Assume A does not contain an isomorphic copy of /' . Then any sequence (xf) in Ax has a weakly Cauchy subsequence (xnf). Therefore, for each a in A, the sequence (axnic)k is also weakly Cauchy and the operator xa is weakly precompact.
(ii) Conversely, assume that, for each a in A, the operator xa is weakly precompact. To prove that A does not contain a copy of /' it is enough to prove that none of the separable subalgebras of A contains a copy of /'. Indeed, if X is a separable subspace of A isomorphic to /' then the subalgebra B of A generated by X is also separable and contains a copy of /'. As in Lemma 3.4 of [69] one can show that any separable subalgebra of A is contained in a separable subalgebra of A having a sequential BAI. Thus we can and do assume that the algebra A itself is separable and has a sequential BAI (e")nem . By hypothesis, each operator xen is weakly precompact. Now let (an) be a sequence in Ax. Then (an) has a subsequence (a"\)k such that the sequence k (exan\)k is weakly Cauchy. Now, the operator xei being weakly precompact, (b) follows from the preceding lemma and Corollary VII. 10 of [28] . The equivalence in (c) follows from the preceding lemma and Theorem 3.6. D As explained in the introduction of this section, the two classes of C* -algebras characterized by (a) and (b) of the preceding theorem are distinct even in the category of commutative C* -algebras. To emphasize this we state the following corollary. However, since every commutative C*-algebra has the DPP, in the category of commutative C*-algebras, the class of C* -algebras characterized by (b) and (c) are the same. Corollary 6.5. Let S be a locally compact topological space and A = Co(S).
Then
(a) S is discrete if and only if, for each a in A, the operator xa is weakly compact.
(b) S is dispersed if and only if for each a in A, the operator xa is weakly precompact.
The analogue of the preceding corollary for the group C*-algebra C*(G) is Theorem 6.7 below. For the proof of this theorem we need the following lemma, see [50, Theorem 5] for the amenable case. Lemma 6.6 . Let G be a locally compact group. Then the C*-algebra C*(G) is a dual algebra if and only if G is compact. Proof. If G is compact then C*(G) is a C*-subalgebra of the dual algebra K(L2(G)) so that C*(G) is also a dual algebra. Conversely, assume C*(G) is a dual algebra. Then the algebra C*(G) is also a dual algebra since by [25, Proposition 1.15] C*(G) is isometrically isomorphic to a quotient of C*(G) and that a quotient of a dual algebra is also a dual algebra. But then, by Theorem 3 of [30] , G is compact. D Theorem 6.7. Let G be a locally compact group and A = C*(G). Then (a) G is compact if and only if, for each a in A, the operator xa is weakly compact.
(b) G is an [A\J]-group ifand only if for each a in A, the operator xa is weakly precompact. Here we remark that if G is the Fell group and A = C*(G) then, for each a in A, the operator xa is weakly precompact but not every xa is weakly compact, see [66, p. 189] . We also remark that by Theorem 4.2 and by assertion (c) of
Theorem 6.4 above, [COMPACT] = [MOORE] n [AU].
7. Arens regularity of the algebra C*(G)®A and the RNP on B(G) In [71] it was shown that the projective tensor product of two commutative C*-algebras is Arens regular. The question whether the projective tensor product of two noncommutative C* -algebras is Arens regular or not was left open. In this section, we give some results which prove in the negative several questions of the paper [71] . In particular, we show that the projective tensor product of even two von Neumann algebras need not be Arens regular. We apply our results to the projective tensor product of the algebra C*(G) with an arbitrary C*-algebra A and to several problems about geometric properties of the projective tensor product of two C* -algebras. To study Arens regularity of the projective tensor product of two C*-algebras we need some preliminary results with which we proceed. The proof of the next lemma is very similar to that of Lemma 3.5 above and can be safely omitted. Throughout this section the abbreviation rwc will stand for relatively weakly compact. The relative weak compactness of the set H(f) for each / in A* is very closely connected, in fact, as we shall see below, equivalent to the finiteness of the von Neumann algebra A**. To this end we shall need the following lemma, which is of independent interest. Lemma 7.4. Let M be a von Neumann algebra and Af, be its predual. For a functional f in Af,, if the set U(f) = {uxfu2 : ux, u2 selfadjoint and unitary} is rwc then the set H(f) = {afb : a, b £ Mx} is rwc. Proof. Assume the set U(f) is rwc. To prove that the set H(f) is rwc it is enough to prove that the set Hs(f) -{afb : a, b £ Mx, a, b are selfadjoint} is rwc. Indeed, if a, b are in Afi, a = ax + ia2, b = bx + ib2, ak, bk (k -1, 2) are selfadjoint, then afb = axfbx + iaxfb2 + ia2fbx -a2fb2 so that H(f) is the sum of four sets of the form Hs(f). Now let Mf = {x £ Mx : x = x*}. Then the set of the extreme points of Aff is Us, the set of selfadjoint unitary elements of Mf, see [60, p. 12] . Each a in Mf is the limit, by the KreinMilman Theorem, of a net (aa) of Co Us in the ultraweak topology. Hence, if «2 is in IIs, aafu2 -> afu2 weakly. Consequently, the set {afu2 : a £ Aff} is contained in CoU(f), the weak closure of Co Us. A similar argument shows that H(f) ç CoU(f) so that the set H(f) is rwc. D Corollary 7.5. Let M be a von Neumann algebra and Af, be its predual. Then M is finite if and only if, for each f in Af,, the set H(f) = {afb : a, b £ Mx} is rwc. Proof. Assume Af is finite. Then, for each / in Af,, the set F = {ufu* : u £ M, u unitary} is rwc (see [74] ). Let / 6 Af, be given. To prove that the set H(f ) is rwc we can assume that / is positive. Then the set K is Proof. Let X be an infinite dimensional Banach space. Fix x in X and x* in X* arbitrarily with ||x|| = ||jc*|| = 1. Let / = x ® x*. Then / is a functional on K(X) and is defined by (/, u) = (u(x), x*). Choose an element y* in X* such that (x, y*) = 1. Then the one dimensional operator e = y* ® x is in K(X), and it is such that e(x) = (x, y*)x = x . Now, for u, v and w in K(X), Choosing for u and v appropriate one dimensional operators such as e, for any z in Xx and z* in X*, we can find u, v in K(X)X suchthat u*(x*) = z* and v(x) -z so that {uf(voe):u,v £ K(X)X} = X* ® Xx where X* ® Xx is set of the simple tensors of the form z* ® z . Now a simple application of Double Limit Criterion will show that the set X* ® Xx is not a rwc subset of K(X)*. D
The next result is now clear from the preceding lemma and Proposition 7.7. At this point maybe we should remark that if X is reflexive and has the approximation property, then K(X)** = B(X), and that always K(X) is a subalgebra of B(X), see [21, Chapter VIII].
Corollary 7.9. Let X be a Banach space. Then, one of the algebras K(X)®K(X) or K(X)®K(X)** of K(X)**®K(X)** is Arens regular if and only if X is finite dimensional.
After these general results we now return to the algebras C*(G) and C*(G). The next theorem follows directly from Theorem 4.2 and Theorem 7.6.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The following corollary is now obvious. Corollary 7.14. Let G be a locally compact group. Then G is compact if and only if the space A(G) has the RNP and, for any C*-algebra A, the algebra C*(G)®A is Arens regular.
7(b)
Applications to related problems. In this subsection we shall consider some applications of the fact that the projective tensor product of two C*-algebras need not be Arens regular and other results given in subsection (a) to some related problems.
(i) Let A and F be two C* -algebras. According to Grothendieck-PisierHaagerup inequality [38] , every bounded linear operator u : A -> B* (also u : B -► A*) is weakly compact. This not being a characteristic property of C*-algebras and in general the algebra A®B not being a C*-algebra, the following question arises naturally: Is every bounded linear operator u : A®B -y (A®B)* weakly compact? The answer to this question is negative. Indeed, to say that a Banach algebra D is Arens regular is equivalent to saying that, for each functional / in D*, the linear operator Tf : D -> D* defined by Tf(a) = af is weakly compact [70] . Should every bounded linear operator u : A®B -<■ (A®B)* be weakly compact, the algebra A®B would be Arens regular, which is in general not the case. However we have the following positive result which is due to the fact that, for G compact, the space C*(G)* has the Schur property. Proposition 7.15. Let G be a compact group. Then the dual space of the space C*(G)®C*(G) has the Schur property and every bounded linear operator u :
Proof. The fact that the space (C*(G)®C*(G))* has the Schur property follows from Corollary 3.4 of [58] . Since this space has the Schur property, the space C*(G)®C*(G) does not contain a copy of /' [19, Theorem 3, p. 22] . Therefore, by Rosenthal's /'-Theorem [57] , every bounded linear operator u from the space C*(G)®C*(G) into its dual is weakly compact and so compact. D
(ii) Another question that arises about the algebra A®B is this: To be sure, the algebra A®B is not a C*-algebra. However, keeping its projective tensor norm but defining a new multiplication on it, can we make it into a C* -algebra? Again Arens regularity consideration shows that this is not possible. Indeed, should the space A®B be a C*-algebra for some multiplication, every bounded linear operator from A®B into its dual would be weakly compact. But then, for its natural multiplication, the algebra A®B would be Arens regular, which is not the case. Question 3] . Now let A be a unital C*-algebra such that the algebra A®A is not Arens regular. Then there exists at least one bounded bilinear form m : A x A -y C which is not biregular. However, by Grothendieck-Pisier-Haagerup inequality [38] , the bilinear form m , being weakly compact, is Arens regular. Thus, in general, a regular bilinear form need not be biregular nor conversely.
(iv) The results presented below are not direct applications of the fact that the projective tensor product of two C*-algebras need not be Arens regular. However, as there is a unity in the method used in the proofs of these results and in those given in subsection (a), and also because these results are obtained as applications of the results given in subsection (a), we have found it appropriate to include them here.
The results presented below are about strictly (or doubly) weakly almost periodic functions, see [40 and 9] . Let G be a locally compact group and / a function in C(G), the space of continuous, bounded complex-valued functions on G. For x, g, h in G, write fi(x) = f(gxh). Then the function / is said to be strictly weakly almost periodic if the set {f£ : h, g £ G} is a rwc subset of C(G). The space of the strictly weakly almost periodic functions on G is denoted by WS(G). The space WS(G) is a translation invariant C*-subalgebra of the space W(G) of weakly almost periodic functions and it contains the space of the almost periodic functions on G [9] . However, In this section we shall present some results about Arens regularity of the algebras AP(G), PFP(G), PMP(G), 1 < p < oc ; some results about almost periodic functionals on these algebras; and, some results about invariant subalgebras of the algebras AP(G) and PMP(G). Note that for p ± 2, the theory of operator algebras (which we have benefited in earlier chapters) will no longer be applicable.
8(a) Preliminaries. In addition to the preliminary results and notations given in §2 we shall need some results and notations about the algebras AP(G) and PMP(G) with which we start. Let G be a locally compact group equipped with a fixed left Haar measure. The spaces L"(G) (I < p < oo) have their usual meaning. We recall that, for any function / : G -> C, /v and / are defined by fy{x) = f(x~l) and f(x) = f(x^x). For any two measurable functions / and g on G, their convolution / * g is defined by f*g(x)= [ g(y~1x)f(y)dy On the other hand, the algebra AP(G) being a regular tauberian algebra its Gelfand spectrum is G and G separates the points of AP(G). In view of these facts the following theorem, which is essentially contained in Theorem 2.3 of [23] , is relevant here. In this theorem, by <P we denote the Gelfand spectrum of A* and by A A* and span O we denote the norm closures of the spaces A A* and spanO. Proof. The proof uses in an essential way the fact that the set <P separates the points of A.
(a) Let a in A and / in A* be two arbitrary elements. We have to show that the functional af is in span O. Assume this is not the case. Then, by the Hahn-Banach Theorem, there exists an element a** in A** such that (af, a**) = (f, aa**) ^ 0 but (g, a**) = 0 for all g in spâïïO. Let g be an arbitrary element of G>. Then a g = g (a) g is in span O so that (a g, a**) = g(a)(g, a**) = 0. That is, (g, aa**) = 0. This being true for all g in <P and <P separating the points of A, aa** = 0. But then (/, aa**) = 0 also, contradicting the fact that (/, aa**) j= 0. This proves that A A* C spâïïO. Furthermore any one of these conditions implies that G is discrete.
However we were unable to prove or disprove that the equality PMP(G) = span <P implies that G is finite, except for p = 2 [51, Proposition 5.3].
Now we return to the algebras PFP(G) and PMP(G). We shall see that, when G is compact, the algebra PFP(G) behaves very much like the C*-algebra C*(G) in the sense that, for each T in PFP(G), the multiplication operator S y-y T o S (also S y^ SoT) on PFP(G) is compact and that PFP(G)* = Wp(G) = ap(PFp(G)) so that the algebra PFP(G) is Arens regular and the space Wp(G) has the RNP. The algebra PMP(G) being a more complicated space, we have only partial results about (weakly) almost periodic functionals on it. The problem of Arens regularity of the algebra PMP(G) is closely connected with that of the operator algebra B(LP(G)), which is a long standing open question. Before proving these results we first recall some facts about the algebras PMP (G) and Ap(G) we shall need below.
The two spaces PFP(G) and PMP(G) are considered as subalgebras of the operator algebra B(LP(G)) of continuous bounded linear operators on LP(G).
As is well known, B(LP(G)) = (Lp(G)®Li(G))* (x-+ x-= 1). Let Proof. This is a particular case of a more general result. Indeed, if A is any Arens regular Banach algebra, then, as one can see very easily, A* c wap(A**). Now it is enough to remark that the operator algebra A = K(LP(G)) is Arens regular (see [72] or [75] ) and A** = B(LP(G)), see [21, Chapter VIII] . n Corollary 8.5. For any locally compact group G and 1 < p < oo, the inclusion AP(G) ç wap(PFp(G)) holds.
Proof. This follows from the preceding lemma and the fact that AP(G) is a quotient of the space Lp(G)®Lq(G). D
Whether the algebra PMP(G) is Arens regular or not is not known for p 2 . A negative answer to this inquiry would show that the operator algebra B(LP(G)) is also irregular, which is not yet known. Now let X be a reflexive Banach space and F be its closed unit ball equipped with the weak topology. Denote by C(E, X) the Banach space of continuous functions cp: E -> X equipped with the supremum norm. Then the space K(X) of compact linear operators can naturally be identified with a closed subspace of C(E, X). Therefore, by the vector-valued version of the Ascoli Theorem, a subset D of K(X) is relatively norm compact if and only if, for each t in F, the set D(t) = {cp(t) : cp e D} is relatively (norm) compact and the set D is equicontinuous on E. The elements of D being linear operators, D is equicontinuous on F if it is equicontinuous at zero and this is equivalent, as one can see easily using the definition of equicontinuity, to the following: For each weakly null sequence (t") in F, lim,,--»^supç,e0 ||^(í")|| = 0. As an illustration of this remark we give the following result, which is of independent interest. Lemma 8.6 . Assume the group G is compact and 1 < p < oo. Then, on the algebra PFP(G), for each T in PFP(G), the multiplication operator S ►-> SoT We also recall that, when the group G is compact, the space LP(G) with the convolution as the multiplication is a Banach algebra and that this Banach algebra has an (unbounded) approximate identity. Moreover, as we have already used in the proof of Lemma 8.6, for each / in LP(G) the multiplication operator g y-* f* g (also g y-y g * /) is compact on LP(G). Let us see that the set F is relatively compact in AP(G). To prove this it is enough to prove that, for any net (Sa) in the unit ball of PMP(G) that converges weak* to zero converges to zero uniformly on F, see, for instance, [46 That is, fp(ha) -y f weakly in AP(G). The space ap(PMp(G)) being a closed subspace of PMP(G)*, we conclude that the functional f = v * u* is almost periodic on PMP(G). This proves that the set F is relatively compact. This being true for simple elements of the form v * wv of AP(G) and that these simple elements being total in AP(G), we conclude that thé inclusion AP(G) ç ap(PMp(G)) holds. Let G be a locally compact and 1 < p < oc. For each closed subset F of G, let Ne be the weak*-closure of the linear span of {X(x) : x £ E} in PMP(G). Then, as readily checked, NE is a topologically invariant subspace of PMP(G), i.e., AP(G)NE Ç Ne . As shown by Granirer [32] if G is amenable, then a subspace X of PMP(G) is reflexive and topologically invariant if and only if X = Ne for some nonempty/«/te subset of F. The main result of this subsection is an analogue of this result of Granirer. It was proved for p -2 (without amenability) by Takesaki We recall that the support of an element F in PMP(G), denoted by supp F, is the subset of G characterized by x $. supp F if and only if there exists a neighborhood U of x suchthat (F, cp) = 0 for all cp in AP(G) with swpocp ç U. As one can easily see, supp T = Z[T]. The following lemma can be proved using standard arguments (see the proof of Theorem 40.10 of [42] ) and the fact that closed subgroups of an amenable group is a set of spectral synthesis for AP(G) (1 < p < oo) [56, Proposition 19.19] . We can safely omit the details. Lemma 8.14. Let G be an amenable locally compact group, 1 < p < oo, and H be a closed subgroup of G. Then, for any T in PMP(G), supp F ç H if and only if T belongs to NH . D Given any family (Ha)ae¡ of closed subgroups of G, let \/aHa denote the smallest closed subgroup of G containing each Ha. Also, if (Na)aeI is a family of weak*-closed topologically invariant subalgebras of PMP(G), we denote by \/aeI Na the smallest weak*-closed topologically invariant subalgebra of PAfp(G) that contains each Na. In the theorem below, by %? we shall denote the collection of closed subgroups of the given group G and by Si the collection of all weak*-closed topologically invariant subalgebras of PMP(G) such that, for N in Q, X(7V) is a subgroup of G. 
